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SUMMARY
In high-frequency seismograms of a small earthquake, coda waves continue for a long time and
the S-wavelet is broadened as travel distance increases. Those phenomena can be interpreted
as results of scattering by random inhomogeneities distributed in the solid earth. Recent
measurements show that the power spectrum of the random medium heterogeneities decreases
according to some power of wavenumber. As a mathematical model, we study the propagation
of a scalar wavelet through von Ka´rma´n-type random media. Our objective is to propose a
stochastic method to synthesize intensity time traces, the mean square amplitude traces, by
using a few number of parameters statistically characterizing the random media. The most
conventional method is known to use the Born approximation in the radiative transfer equation.
However, as the centre wavenumber of a wavelet increases higher than the corner wavenumber,
the Born approximation becomes inapplicable because the phase shift increases. We proposed
a spectrum division method to avoid the difficulty in our previous papers. Taking the centre
wavenumber as a reference, we divide the power spectrum into two components. The short-
scale component is chosen to satisfy the applicable condition of the Born approximation,
which leads to wide-angle scattering per volume. Here, we newly propose to use the phase
screen approximation for the long-scale component, which leads to narrow-angle ray bending
per length. We simultaneously introduce both the wide-angle scattering due to the short-scale
component and the narrow-angle ray bending due to the long-scale component into the Monte
Carlo simulation code in the framework of the radiative transfer theory. Synthesized wavelet
intensity time traces show envelope broadening and peak delay with increasing travel distance
and long lasting coda waves at a short distance. If the power spectrum is properly divided,
synthesized intensity time traces well explain the averaged intensity time traces calculated by
the finite difference simulation of wavelets in random media from the onset through the peak
to coda for a wide dynamic range. The proposed method has a potential to adopt easily the
spatial variation of randomness and intrinsic absorption.
Keywords: Seismic attenuation; Theoretical seismology; Wave propagation; Wave scattering
and diffraction.
1 INTRODUCTION
Seismograms in high-frequencies well reflect the random heterogeneous structure of the solid earth. Although their phases are highly complex,
amplitude variations are smooth and systematic. Radiative transfer theoretical (RTT) approaches are very useful for the synthesis of wavelet
intensity time traces, the mean square (MS) amplitude envelope traces (e.g. Wu 1985; Rytov et al. 1989; Ishimaru 1997; Margerin 2005).
The RTT predicts the wavelet intensity by using a few number of parameters statistically characterizing the power spectral density function
(PSDF) of the fractional fluctuation of elastic coefficients. Monte Carlo (MC) simulations have been often used to solve stochastically the
radiative transfer equation (RTE) (e.g. Hoshiba et al. 1991; Gusev & Abubakirov 1987; Yoshimoto 2000). Most of studies have used the Born
approximation for the evaluation of the scattering coefficient, the scattering power per volume, from the PSDF of the fractional fluctuation
of elastic coefficeints (e.g. Chernov 1960; Yoshimoto et al. 1997; Shearer & Earle 2004; Sens-Scho¨nfelder et al. 2009; Przybilla & Korn
2008; Calvet & Margerin 2013; Jing et al. 2014; Sanborn et al. 2017; Wang & Shearer 2017; Zeng 2017). Special focus was first put on
the coda envelope variation (e.g. Aki & Chouet 1975; Kopnichev 1975; Sato 1977; Rautian & Khalturin 1978). Later, there were modelings
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and analyses of the whole seismogram envelopes (e.g. Sato 1984; Zeng et al. 1991; Nakahara et al. 1998; Mai & Beroza 2003; Margerin
2017; Zeng 2017). Diffusive records of Moon-quakes and seismograms recorded at volcanoes have been studied based on the RTT because
of strong heterogeneities (e.g. Nakamura 1977; Dainty & Tokso¨z 1981; Yamamoto & Sato 2010; Blanchette-Guertin et al. 2012; Gillet et al.
2017). Recently, a solution of the RTE was used as a sensitivity kernel for the velocity change measurement based on the noise correlation
(e.g. Pacheco & Snieder 2005; Obermann et al. 2013; Plane`s et al. 2014; Margerin et al. 2015; Nakahara & Emoto 2017).
There have been in situ measurements of velocity inhomogeneities of the shallow crust by using acoustic well-logging in the world.
PSDFs of well-log data clearly show a power-law decay with increasing wavenumber m, where the power-law exponent varies depending
on the lithological condition (e.g. Wu et al. 1994; Holliger 1996; Shiomi et al. 1997). Precise velocity tomography analyses also show a
power-law spectral decay in a wide range of wavenumbers (e. g. Nakata & Beroza 2015; Mancinelli et al. 2016). Those PSDFs are well
modeled by von Ka´rma´n-type random media.
Here, as a mathematical model, we study the propagation of a scalar wavelet through von Kar´man´-type random media, which are
statistically parametrized by the MS velocity fractional fluctuation 2  1, the corner wavenumber a−1 (the reciprocal of the characteristic
length a), and the order κ which characterizes the power-law exponent −2κ − 3 in the 3-D space. Our objective is to propose a method
to synthesize wavelet intensity time traces in a wide dynamic range by using those parameters. We note that the Born approximation at
wavenumber kc is applicable only when the phase shift is small, ε2a2k2c  1. As kc increases larger than the corner a−1, we often face the
violation of this condition. We know that the parabolic approximation is useful in such a case. The Markov approximation, the stochastic
extension of the phase screen method, well synthesizes the wavelet intensity time trace especially near around the peak produced by successive
narrow-angle scatterings around the forward direction (e.g. Shishov 1974; Lee & Jokipii 1975; Sreenivasiah et al. 1976; Saito et al. 2002;
Korn & Sato 2005; Takahashi et al. 2008; Emoto et al. 2010; Sawazaki et al. 2011). This approximation well explains observed envelope
broadening and peak delay of an S-wavelet as travel distance increases (e.g. Sato 1989; Obara & Sato 1995; Petukhin & Gusev 2003); however,
it is inappropriate for the synthesis of coda waves which are produced by wide angle scatterings.
In order to overcome the difficulty, Sato (2016) (referred to Paper I in the following) proposed the spectrum division method to divide
the random medium PSDF into two components taking kc as a reference. The Born approximation for the short-scale component leads to
wide-angle scattering, and the Markov approximation for the long-scale component leads to envelope broadening and peak delay. Paper I
proposed to multiply the attenuation caused by wide-angle scattering by the analytical solution of the Markov approximation. Sato & Fehler
(2016) shows that the synthesized intensity time trace well explains the main part of the finite difference (FD) simulation intensity time
trace for 2-D cases. Then, Sato & Emoto (2017) (referred to Paper II) proposed to convolve the intensity calculated from the RTE with the
Born approximation scattering coefficient for the short-scale component with the Markov approximation broadening factor for the long-scale
component in the time domain. When the power spectrum is properly divided, the synthesized intensity time traces show envelope broadening
and peak delay and also long lasting coda. The synthesized intensity time trace well fits to the averaged intensity trace of the FD simulation
in 3-D random media. However, the above convolution in the time domain is based on the phenomenological correspondence rule.
Here, using the phase screen approximation, we evaluate the narrow-angle ray bending per length by the long-scale component random
media. New idea is to put simultaneously both the wide-angle scattering per volume caused by the short-scale component and the narrow-angle
ray bending per length caused by the long-scale component into the scattering process of the MC simulation code in the framework of the
RTT. In the following sections, we develop mathematics of the spectrum division method and explain the key flowchart of the MC simulation
code. Then, we compare synthesized intensity time traces for the spherical radiation of a Ricker wavelet from a point source with intensity
time traces calculated by using FD simulations. We discuss the characteristics of synthesized intensity traces. At the end, we discuss unsolved
problems and possible developments.
2 SCALAR WAVE PROPAGATION THROUGH VON KARMAN-TYPE RANDOM MEDIA
In an inhomogeneous medium characterized by the wave velocity V (x) = V0[1 + ξ (x)], the propagation of a scalar wave uˆ(x, kc) of angular
frequency ωc is governed by
uˆ(x, kc) + k2c uˆ(x, kc) = 2k2c ξ (x)uˆ(x, kc), (1)
whereV0 is the average velocity, wavenumber kc =ωc/V0, function ξ (x) represents the fractional fluctuation and uˆ(x, kc) =
∫∞
−∞ u(x, t)e
iωc t dt .
We imagine an ensemble of random media {ξ}, where 〈ξ〉=0, and angular brackets 〈...〉 mean an ensemble average. Randomness is
supposed to be statistically homogeneous, isotropic and the MS of ξ is small, 2 ≡ 〈ξ 2〉  1. We statistically study the propagation of the
wavelet intensity I, the ensemble average of the squared amplitude of a wavelet
〈
u(x, t)2
〉
having the centre wavenumber at kc through random
media. We note that the energy density of a wavelet E(x, t) = ω2c I (x, t) for a narrow band around ωc.
The autocorrelation function (ACF) of von Ka´rma´n-type random media is given by
R(x) = R(r ) ≡ 〈ξ (0)ξ (x)〉 = 2
1−κ
(κ)
ε2
( r
a
)κ
Kκ
( r
a
)
for κ > 0, (2a)
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Figure 1. (a) Log–log plot of PSDF versus wavenumber m for von Ka´rma´n-type random media. (b) Linear plot of ACF versus lag distance r. The grey broken
line is a Gaussian-type for reference.
Figure 2. (a) PSDF of random media and the schematic illustration of a scattering pattern. (b) Flowchart of the MC simulation code using the conventional
Born approximation in the framework of the RTT (modified from Yoshimoto 2000). (c) Schematic illustration of particle trajectories in a random medium.
where Kκ denotes a Bessel function of the second kind of order κ , a is a characteristic length, and lag distance r = |x|. Its Fourier transform
gives the PSDF,
P(m) = P (m) = 8π
3
2 (κ + 32 )ε2 a3
(κ) (1 + a2m2)κ+ 32
for κ > 0, (2b)
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where m = |m|. It shows a power-law decay m−2κ − 3 higher than the corner at a−1.
Fig. 1 shows PSDFs and ACFs for different three κ values, where  = 0.05 and a = 5 km. At m  a−1, the PSDF for κ = 1 decays
much faster than that for κ = 0.1. The ACF for κ = 1 shows a smooth variation near the zero lag-distance; however, that for κ = 0.1 has a
sharp peak at zero lag-distance.
3 RADIAT IVE TRANSFER THEORY US ING THE BORN APPROXIMATION
3.1 Born approximation
For the incidence of a monochromatic plane wave onto a cube of random media with length L on each edge, where L  a, we write the total
wave as uˆ(x, kc) = eikcz + f (kc ,ψ,φ)r eikcr , where f is a scattering amplitude. Scattering angle ψ is an angle between the scattered-wave ray and
the incident wave ray, and φ is an angle around the incident ray direction. When the phase shift is as small as
ε2a2k2c  1, (3)
we can evaluate f by using the Born approximation (e.g. Landau & Lifshitz 2003, p. 543, deterministic scattering by an obstacle). This
condition is the same as that for the Bourret approximation for the Dyson equation (e.g. Rytov et al. 1989; Apresyan & Kravstov 1996).
When the randomness uniformly spreads over the space, dividing the ensemble average of the square of the scattering amplitude by the
cube volume, we have the scattering coefficient, which represents the scattering power per unit volume (e.g. Sato et al. 2012, eq. 4.25):
g(kc, ψ) = k
4
c
π
P(2kc sin
ψ
2
) = 8π
1/2(κ + 32 )ε2 a3k4c
(κ)
(
1 + 4a2k2c sin2 ψ2
)κ+3/2 , (4a)
which is axially symmetric around the incident ray direction since the randomness is isotropic (Fig. 2 (a)). The argument 2kc sin
ψ
2 is the
exchanged wavenumber between the scattered wave and the incident wave. The total scattering coefficient is given by the average over the
solid angle,
g0(kc) = 1
4π
∮
g(kc, ψ)dψ = k
2
c
2π
∫ 2kc
0
P(m)m dm = 4π
1/2(κ + 3/2)ε2 ak2c
(κ)2(κ + 1/2)
[
1 − 1
(1 + 4a2k2c )κ+1/2
]
, (4b)
(see eqs 9 and 10 in Paper II). We define the transport scattering coefficient as
gtr (kc) = 1
4π
∮
g(kc, ψ)(1 − cos ψ)dψ = 1
4π
∫ 2kc
0
P(m)m3dm = 1
4π
∫ 2kc
0
8π
3
2 (κ + 32 )ε2a3
(κ) (1 + a2m2)κ+ 32
m3dm
=
⎧⎨
⎩
π
1
2 (κ+1/2)
(κ)
1
(κ− 12 )
[
1 − 1+2a2k2c (1+2κ)
(1+4a2k2c )κ+1/2
]
ε2
a κ 	= 1/2,[
ln(1 + 4a2k2c ) − 4a
2k2c
1+4a2k2c
]
ε2
a κ = 1/2.
(4c)
which can be a good measure of coda excitation strength. The mean free time and the transport mean free time are given by
τ (kc) = (g0(kc)V0)−1, and τtr (kc) = (gtr (kc)V0)−1. (4d)
3.1.1 MC simulation using the probability distribution function
We stochastically trace the trajectory of particles shot into random directions from the source at the origin by using the MC simulation (e.g.
Yoshimoto 2000). When a time step t is chosen to satisfy t  τ ( g0V0t  1), the probability of the occurrence of scattering for a path
length V0t is 1 − e−g0V0t ≈ g0V0t . At every time step, the occurrence of scattering is stochastically tested by
g0V0t > Random[0, 1], (5)
where Random[0, 1] is a random variable uniform between 0 and 1. We will practically use the Mersenne Twister (Matsumoto & Nishimura
1998) as a pseudo-random number generator to secure the uniform distribution of random numbers. When scattering occurs, scattering angles
(ψ , φ) obey the probability distribution functions (PDFs):
PDFψ (ψ) = sin ψ
2
g(kc, ψ)
g0(kc)
0 ≤ ψ < π,
PDFφ(φ) = 1
2π
0 ≤ φ < 2π. (6)
We calculate the cumulative distribution function (CDF), CDFψ (y) =
∫ y
0 PDFψ (z)dz, and then, we numerically evaluate the inverse function
CDF−1ψ (p). By using the random variable, scattering angles are stochastically generated by
ψ = CDF−1ψ (Random[0, 1]) and φ = 2π Random[0, 1]. (7)
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Figure 3. Scattering coefficient according to the conventional Born approximation g(kc, ψ) versus scattering angle ψ .
Using (5) and (7), we trace the trajectory of each particle according to the grey part of the flowchart shown in Fig. 2(b), where each particle
carries a unit intensity. The inner loop stochastically simulates each trajectory and the outer loop increases the number of particles for statistical
averaging. At a given lapse time t, dividing the number of particles n(r, t) in a spherical shell of radius r with thickness r by the shell volume
4πr2r and the total number of shot particles N, we have the intensity Green’s function for a unit source radiation, G(r, t) = n(r,t)
4πr2r N
. The
wavelet intensity I is calculated by the convolution of the source intensity s(t) and G in the time domain: I = s⊗G. This is the conventional
method using the Born scattering coefficient in the RTT.
For example, Fig. 3 shows scattering coefficients for two frequencies. For the case of fc = 0.3 Hz, we can use this conventional method
since the condition (3) is satisfied; however, we cannot use this method for the case of fc = 3 Hz since the condition (3) is violated.
4 RADIAT IVE TRANSFER THEORY US ING THE SPECTRUM DIV IS ION METHOD
4.1 Spectrum division
When kc is in the power-law spectral range, kc  a−1, we often face the situation ε2a2k2c  O(1) as shown in Fig. 3, where the parabolic
approximation is useful. As introduced in Papers I and II, we propose to use the spectrum division method to avoid the difficulty: Taking
wavenumber ζkc as a reference, where ζ is a tuning parameter, we decompose P into low- and high-wavenumber spectral (long- and short-
scale) components as schematically illustrated in the left panel of Fig. 4. We first define the short-scale component PS as a von Ka´rma´n-type
with the same κ (the same power-law exponent −2κ − 3 at large wavenumbers), the corner at aS−1 = ζkc, and the RMS fractional fluctuation
S = (ζakc)−κ :
PS (kc, ζ,m) ≡ 8π
3/2(κ + 3/2)ε2S aS3
(κ) (1 + aS2m2)κ+3/2
= 8π
3/2(κ + 3/2)ε2 a3
(κ) ((ζakc)2 + a2m2)κ+3/2
. (8a)
The long-scale component is given by
PL (kc, ζ,m) = P (m) − PS (kc, ζ,m) , (8b)
which is not a von Ka´rma´n-type and rapidly decreases as wavenumber increases higher than a−1S . We define the corresponding ACFs RS and
RL as their Fourier transform of PS and PL, respectively. We show an example of the spectrum division in the right panel of Fig. 4. Removal
of the short-scale component leads to a smooth curve of RL near the zero lag-distance. We formally write the corresponding decomposition
of ξ (x) as
ξ (x) = ξL (kc, ζ, x) + ξS(kc, ζ, x). (8c)
However, we will not directly use ξ S and ξL but PS and PL in the following.
Parameter ζ indicates the relative scattering contribution ofPS andPL. The Born approximation is applicable to the short-scale component
random media only when ζ is chosen to satisfy the condition of the small phase shift:
ε2Sa
2
Sk
2
c ≡
ε2
ζ 2(ζakc)2κ
 1. (9)
There is a restriction ζ > (akc)−1 since ε2Sa
2
Sk
2
c = ε2a2k2c and PS = P when ζ = (akc)−1. We will use the parabolic approximation to
PL, which means that PL at kc should be small enough, which means at least ζ ≤ 1. Condition (9) is still vague; therefore, we will find an
appropriate value of ε2Sa
2
Sk
2
c and corresponding ζ from comparisons with FD simulations.
Downloaded from https://academic.oup.com/gji/article-abstract/215/2/909/5067306
by National Research Institute for Earth Science and Disaster Resilience user
on 24 August 2018
914 H. Sato and K. Emoto
Figure 4. Spectrum division of P (grey) into PS (blue) and PL (red) for a given wavenumber kc.
Figure 5. (a) Wide-angle scattering power per volume by the short-scale component. (b) Narrow-angle ray bending per length by the long-scale component.
4.2 Wide-angle scattering by the short-scale component
4.2.1 Born approximation
Waves propagating through the short-scale component random media ξS(kc, ζ, x) are governed by
uˆ(kc, x) + k2c uˆ(kc, x) = 2k2c ξS(kc, ζ, x) uˆ(kc, x), (10)
Since ζ is chosen to satisfy the condition (9), the Born approximation leads to the scattering coefficient of the short-scale component random
media:
gS(kc, ζ, ψ) = k
4
c
π
PS
(
kc, ζ, 2kc sin
ψ
2
)
= 8π
1/2(κ + 3/2)ε2 a3k4c
(κ)
(
(ζakc)2 + 4a2k2c sin2 ψ2
)κ+3/2 , (11a)
(see Paper II, eq. 18a). The total scattering coefficient is
gS0(kc, ζ ) ≡ 1
4π
∮
gS(kc, ζ, ψ)dψ = k
2
c
2π
∫ 2kc
0
PS(kc, ζ,m)m dm = ε
2
a
2π 1/2(κ + 1/2)
(κ)
[
1 − 1
(1 + 4ζ−2)κ+1/2
]
(ζakc)1−2κ
ζ 2
. (11b)
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Figure 6. Plots of (left) scattering coefficients g (grey) and gS (blue) versus scattering angle ψ , (center) wide-angle scattering PDFψS (blue) versus ψ and
(right) narrow-angle ray bending PDFψL (red) versus ψ for an increment z = 0.04 km (t = 0.01 s).
Corresponding transport scattering coefficient is
gStr (kc, ζ ) = 1
4π
∮
gS(kc, ζ, ψ)(1 − cos ψ)dψ = 1
4π
∫ 2kc
0
PS(kc, ζ,m)m
3dm
=
⎧⎪⎨
⎪⎩
π
1
2 (κ+1/2)
(κ)
1
(κ− 12 )
[
1 − 1+2a2Sk2c (1+2κ)
(1+4a2Sk2c )κ+1/2
]
ε2S
aS
κ 	= 1/2,[
ln(1 + 4a2Sk2c ) − 4a
2
Sk
2
c
1+4a2Sk2c
]
ε2S
aS
κ = 1/2,
(11c)
which can be a good measure of coda excitation. We define the mean free time and the transport mean free time of the short-scale component
as
τS(kc, ζ ) = (gS0(kc, ζ )V0)−1, and τStr (kc, ζ ) = (gStr (kc, ζ )V0)−1. (11d)
Fig. 5 (a) schematically illustrates the scattering pattern of gS(kc, ζ , ψ).
4.2.2 MC simulation using the probability distribution function
As described in Section 3, we stochastically evaluate the wide-angle scattering process due to the short-scale component, where a time step
t is chosen to satisfy t  τ S (gS0V0t  1). At every time step, we stochastically test the occurrence of scattering by
gS0V0t > Random[0, 1]. (12)
PDFs of scattering angles are given by
PDFψS(ψ) = sin ψ
2
gS(kc, ζ, ψ)
gS0(kc, ζ )
0 ≤ ψ < π,
PDFφS(φ) = 1
2π
0 ≤ φ < 2π. (13)
We calculate CDFψS−1(p) from PDFψS(ψ). By using the random variable, scattering angles are stochastically generated by
ψ = CDFψS−1(Random[0, 1]),
φ = 2π Random[0, 1]. (14)
In Fig. 6 (left), we plot g and gS versus ψ in the case of κ = 0.5, where ζ = 0.102. We see gS  g at ψ  1; however, gS converges to g
as ψ increases. We should note that gS is still strong in the forward direction though we call gS wide-angle scattering. In Fig. 6(center), we
show PDFψS versus ψ .
Using (12) and (14), we stochastically trace the trajectory of each particle scattered by short-scale component according to the blue
colour part in the flowchart of the MC simulation code illustrated in Fig. 7(a).
4.3 Narrow-angle ray bending by the long-scale component
4.3.1 Phase screen approximation
Waves propagating through the long-scale component random media ξL (kc, ζ, x) are governed by
uˆ(kc, x) + k2c uˆ(kc, x) = 2k2c ξL (kc, ζ, x) uˆ(kc, x). (15)
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Figure 7. (a) Flowchart of the MC simulation code using the spectrum division method in the framework of the RTT. (b) Schematic illustration of particle
trajectories in a random medium.
The parabolic approximation is applicable when PL is small at kc. When kc  a−1, we have to consider the phase change of the wave in
the right hand side. If we write uˆ(kc, x) = U (kc, x⊥, z)eikcz for the propagation to the z direction, where x⊥ is the coordinate vector on the
transverse plane, the change in complex amplitude U is slow. Neglecting the second derivative with respect to the z direction, we have the
parabolic wave equation:
⊥U + 2ikc∂zU = 2k2c ξLU. (16)
When z  a but z  kca2, which means the wave parameter D  1, the derivative with respect to the transverse direction ⊥U is small
enough (Landau & Lifshitz 2003, p. 162, p. 539). Neglecting the transverse Laplacian, we have the phase screen (Eikonal) approximation:
∂zU (kc, x⊥, z) = −ikc ξL (ζ, x⊥, z)U (kc, x⊥, z). (17)
For the incidence of a unit amplitude wave U=1 from a homogeneous half-space (z < 0) to a randomly inhomogeneous half-space (z ≥
0), integrating (17), we have
U (kc, x⊥, z) = e−ikc
∫ z
0 dz
′ξL (ζ,x⊥,z′). (18)
We define the mutual coherence function (MCF) for an increment z  a as the ensemble average of the product:
L (kc, x⊥d ,z) ≡ 〈U (kc, x′⊥,z)U ∗(kc, x′′⊥,z)〉 = 〈e−ikc
∫z
0 dz
′ξL (ζ,x′⊥,z′)+ikc
∫z
0 dz
′ξL (ζ,x′′⊥,z′)〉, (19)
where x⊥d = x ′⊥ − x ′′⊥. If we suppose that ξL obeys Gaussian statistics, there is a following relation:
〈eitξL 〉 = e− t
2
2 〈ξ
2
L 〉. (20)
Using this rule in (19), we have
L (kc, x⊥d ,z) = e
−k2c
2 〈(
∫z
0 dz
′ξL (x′⊥,z′)−
∫z
0 dz
′′ξL (x′′⊥,z′′))2〉, (21)
where a double integral appears on the exponent. By rewriting integrals over z
′
and z′′ as integrals of their centre and difference coordinates
zc = (z′ + z′′)/2 and zd = z′ − z′′, the integral over zc becomes z and the integral region of zd can be written as ( − ∞, ∞) since z  a:
L (kc, x⊥d ,z) = e
−k2c
2
∫z
0 dz
′ ∫z
0 dz
′′〈ξL (x′⊥,z′)ξL (x′⊥,z′′)〉 e+k
2
c
∫z
0 dz
′ ∫z
0 dz
′′〈ξL (x′⊥,z′)ξL (x′′⊥,z′′)〉 e−
k2c
2
∫z
0 dz
′ ∫z
0 dz
′′〈ξL (x′′⊥,z′)ξL (x′′⊥,z′′)〉
= e −k
2
c
2 z〈
∫∞
−∞ dzd ξL (x′⊥,zc+
zd
2 )ξL (x
′⊥,zc− zd2 )〉 e+k
2
cz〈
∫∞
−∞ dzd ξL (x′⊥,zc+
zd
2 )ξL (x
′′⊥,zc− zd2 )〉 e−
k2c
2 z〈
∫∞
−∞ dzd ξL (x′′⊥,zc+
zd
2 )ξL (x
′′⊥,zc− zd2 )〉
= e−k2cz[AL (kc ,ζ,0)−AL (kc ,ζ,r⊥d )], (22)
where the longitudinal integral AL (kc, ζ, r⊥) ≡
∫∞
−∞ RL (kc, ζ, x⊥, z) dz and r⊥ = |x⊥d |. This is the same as that derived by the Markov
approximation (e.g. Ishimaru 1997; Sato et al. 2012, eq. 9.60). The dominant contribution comes from small r⊥d in the exponent. Since AL is
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smooth around r⊥ = 0, the Taylor expansion leads to
AL (kc, ζ, r⊥) ≈
⎧⎨
⎩
ε2a 2π1/2(κ+ 12 )
(κ)
[(
1 − 1
(ζakc)2κ+1
)
−
(
1 − 1
(ζakc )2κ−1
)
1
2(2κ−1)
( r⊥
a
)2]
for κ 	= 1/2,
2ε2a
(
1 − 1
(ζakc )2
)
− ε2a ln (ζakc)
( r⊥
a
)2
for κ = 1/2,
(23)
for r⊥/a  1 (e.g. Paper I, eqs 22c, 23c). Therefore,
AL (kc, ζ, 0) − AL (kc, ζ, r⊥) ≈ ε2a CL (kc, ζ )
(r⊥
a
)2
for r⊥  a, (24)
where
CL (kc, ζ ) =
{
π1/2(κ+ 12 )
(κ)(2κ−1)
(
1 − 1
(ζakc )2κ−1
)
for κ 	= 1/2,
ln (ζakc) for κ = 1/2.
(25)
Thus we explicitly write the MCF as
L (kc, x⊥d ,z) = e−k2cz ε
2
a CL (kc ,ζ )r⊥d 2 . (26)
This functional form satisfies
L (kc, x⊥d ,z1 + z2) = L (kc, x⊥d ,z1)L (kc, x⊥d ,z2), (27)
which means that we may disregard the condition z  a used in (22) and we can take any small value for z in the following. The Fourier
transform of (26) with respect to the transverse coordinates gives the distribution of k⊥ (angular spectrum) after an increment z:


L
(kc, k⊥,z) = 1
(2π )2
∞
−∞
dx⊥d e
−ik⊥x⊥dL (kc, x⊥d ,z)
= 1
2πk2cσL
2
e
−
k2x+k2y
2k2c σL 2 −−−→
z→0
δ(k⊥), (28a)
which is a normal distribution for k⊥/kc on the transverse plane with the variance (see Fig. 5b),
σL (kc, ζ,z)
2 = 2ε
2
a
CL (kc, ζ )z, (28b)
which linearly increases with an increment z. Thus, the scattering process due to the long-scale component is written as the ray bending per
propagation length.
4.3.2 MC simulation using the probability distribution function
We stochastically interpret

 (28a) as the PDF of the transverse wavenumber vector k⊥ per travel distance z, where k⊥ = 0 for the incident
wave. Using polar coordinates on the transverse plane (ψ ≈ k⊥/kc, φ) for k⊥/kc  1, we factorize (28a) as

(kc, k⊥,z)k⊥dk⊥dφ =
PDFψL (ψ,z)dψ · PDFφL (φ)dφ. Thus, the PDF for ψ is
PDFψL (ψ,z) = 1σL 2 ψ e
− ψ2
2σL
2 for 0 ≤ ψ < ∞, (29a)
which is a Rayleigh distribution with the mode σ L. As an example, we schematically illustrates PDFψL versus ψ for z = 0.04 km (t =
0.01 s) and ζ = 0.102 in Fig. 6(right). This narrow-angle ray bending is in compensation for the removal of narrow angle scattering around
the forward direction from g(ψ) as shown in Fig. 6(left).
We numerically calculate the CDF from PDFψL(ψ , z) for a given increment z, and then calculate the inverse function CDFψL−1(p,
z), which is used for the stochastic synthesis of scattering angle ψ :
ψ = CDFψL−1(Random[0, 1],z). (29b)
The PDF for φ is
PDFφL (φ) =
1
2π
for 0 ≤ φ < 2π. (30a)
Stochastic synthesis of φ is give by
φ = 2π Random[0, 1]. (30b)
Using (29b) and (30b), we stochastically trace the trajectory of each particle bended by the long-scale component at ‘every time step’
t for an increment z = V0t as illustrated by the red colour part in the flowchart of the MC simulation code illustrated in Fig. 7(a). The
Downloaded from https://academic.oup.com/gji/article-abstract/215/2/909/5067306
by National Research Institute for Earth Science and Disaster Resilience user
on 24 August 2018
918 H. Sato and K. Emoto
0
2
4
6
8
10
[km   ]
(a)
Linear Plot of Time Traces
(b)
Log Plot of Time Traces
(c)
Log Plot of Space Distributions
12
150km
150km
125km
175km
175km
200km
200km
30s
40s
50s 60s
35 40 45 50
Time [s] Time [s] Dist. [km]
55 60 65
x10−7
5x10−8
5x10−7
5x10−6
1x10−6
1x10−7
30 35 40 45 50 55 60
10−11
10−10
10−9
10−8
10−7
10−6
10−5
10−4
100 150 200 250
−3
[km   ]−3
Figure 8. Plots of GL (red) and GM0 ((31a), black dot) at fc = 3 Hz for PL in von Ka´rma´n-type random media.
ray bending process is a kind of the Wiener process. This process preserves the total number of particles, which means the conservation of
energy.
The above MC simulation counts the number distribution of particles in space for a given lapse time, which is slightly different from the
method using parallel layers fixed to the space which measures the travel time distribution for a given distance (e.g. Williamson 1972; Sato
& Korn 2007; Takahashi et al. 2008).
4.3.3 Comparison of the MC intensity Green’s function with the integrated solution of the Markov approximation
According to the Markov approximation for the two-frequency mutual coherence function, where the quasi-monochromatic approximation
with the centre wavenumber kc is used, we have the intensity Green’s function without the wandering effect (Paper I, eqs 30b, and 33):
GM0 (kc, ζ, r, t) = 1
4πr 2V0
π 2
16 tML (kc, ζ, r )
ϑ4
′′
(
0, e
− π24
t−r/V0
tML (kc ,ζ,r )
)
for t > r/V0, (31a)
where ϑ4 is the elliptic theta function, and ϑ4 ′′(v, q) ≡ ∂v2ϑ4(v, q). The characteristic time at a distance r is
tML (kc, ζ, r ) = ε
2 CL (kc, ζ )
2V0a
r 2. (31b)
According to (31b) with 4πr 2V0
∫∞
0 GM0(r, t)dt = 1 and geometrical spreading, the peak intensity decreases in proportion to r−4.
Here we let GL(r, t) the intensity Green’s function calculated from the MC simulation of successive narrow-angle ray bending processes
for PL only. As an example, we compare GL(r, t) (red) with GM0(r, t) (dotted black) for the same PL in Fig. 8. In the linear plot of intensity time
traces, both agree well each other at each travel distance; however, the semi-log plot shows a small difference among two kinds of traces in
their coda part. In the semi-log plot of space distributions, we clearly see a small difference among two kinds of distributions especially at short
distances. We remember that GM0 slightly violates the conservation as
∫∞
0 GM0(r, t)4πr
2dr 	= 1 but satisfies V0
∫∞
0 GM0(r, t)4πr
2dt = 1;
however, the MC simulation counts the number of particles for the derivation of GL, which assures the conservation
∫∞
0 GL (r, t)4πr
2dr = 1.
4.4 MC simulations of wavelet intensity in time and space
4.4.1 Synthesis of intensity Green’s function
In order to simulate the particle trajectory, we count both the wide-angle scattering and narrow-angle ray bending caused by the short- and
long-scale components of random media, respectively, in the MC simulation as illustrated by the flowchart in Fig. 7(a). Fig. 7(b) schematically
illustrates particle trajectories in a random medium. Taking the same procedure mentioned in Section 3.1.1, we calculate the intensity Green’s
function G(r, t).
Fig. 9 shows intensity Green’s functions G (black) at fc = 3 Hz for three κ values by using parameters given in Table 1. We take r =
1 km, which gives the space resolution. The time step t = 0.01 s satisfies t  τ S. We also plot traces GS (blue) and GL (red), which are
calculated by wide-angle scattering due to PS only and by multiple narrow-angle ray bending due to PL only, respectively. Note that G is not
a simple addition of GS and GL. Fig. 9(a) shows that both GS and GL contribute to the envelope broadening of G. The coda part of G is well
approximated by GS at a short distance for all κ , but their difference increases as travel distance increases especially for κ = 1.0. Fig. 9(b)
shows that spatial distributions of G for κ = 0.1 and 0.5 are uniform around the source which are well explained by GS. The intensities for
κ = 1.0 are very small in the vicinity of the source since GS is very small. Their differences well reflect the differences in gStr values. MC
simulation intensity Green’s funcitons near around the source are largely fluctuated since the total number of shots is not large enough.
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Table 1. Best-fitting parameters for ε2Sa
2
Sk
2
c = 0.1 at fc = 3 Hz evaluated from comparisons of MC and FD intensity traces (Fig. 11), where a−1 = 0.2 km−1,
kc = 4.7 km−1, akc = 23.6, ε2a2k2c = 1.39 in von Ka´rma´n-type random media ( = 0.05, a = 5 km, V0 = 4 km s–1). In MC simulations, t = 0.01 s, r =
1 km and N = 107.
κ ζ a−1S (km
−1) gS0 (km−1) τ S (s) gStr (km−1) τ Str (s)
0.1 0.140 0.66 0.035 7.09 0.0037 68.3
0.5 0.102 0.48 0.096 2.61 0.0025 100.9
1.0 0.082 0.39 0.121 2.06 0.0008 327.0
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Figure 10. FD simulation wave traces (grey lines) at a distance of 25 km in von Ka´rma´n-type random media for a 3 -Hz Ricker wavelet source, where the
thick line is the wave trace in a homogeneous medium.
4.4.2 Synthesis of intensity for a Ricker wavelet source
Here, we use a Ricker wavelet source of fc = 3 Hz in FD simulations. In Fig. 10, grey lines are 54 wave traces at a distance of 25 km in
random media of κ = 0.5 as examples. The thick line is a wave trace in a homogeneous medium with V0 = 4 km s–1, from which we calculate
the source intensity s(t) using the Hilbert transform and geometrical correction. The convolution of s(t) and G(r, t) in the time domain leads
to the wavelet intensity I = G⊗s, where we use parameters listed in Table 1, which will be shown as the best-fitting parameters. The time step
size t = 0.01 s is precise enough to describe the temporal variation of the 3- Hz Ricker wavelet source. We have confirmed that synthesized
intensities are the same except for some roughness in their coda even if we use reduced N = 5 × 105 and coarse t = 0.05 s.
4.4.3 Convolution of the wandering term
For comparison with FD simulation intensity traces, it is necessary to convolve the wandering term wL in the time domain at each travel
distance to reflect traveltime fluctuations. The resultant intensity time trace with wandering effect is IwL = wL⊗I = wL⊗G⊗s. We use the
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wandering term due to the long-scale component as given in Paper I,
wL (kc, ζ, r, t) = 1√
π tW L (kc, ζ, r )
e
− t2
tW L (kc ,ζ,r )
2
, (32a)
where the characteristic time is
tW L (kc, ζ, r ) = 2
V0
√
ε2a
π 1/2
(
κ + 12
)
(κ)
(
1 − 1
(ζakc)
2κ+1
)√
r (32b)
(Paper I, eqs 16, 24). The wandering effect contributes to lessen the peak height at short distances.
5 COMPARISON OF SYNTHES IZED INTENS ITY TRACES WITH FD S IMULATIONS
We use the FD simulation results as given in Paper II. The number of realized random media is 6 and 9 receivers are placed every 25 km from
the source up to 150 km, which means 54 traces at every receiver distance. The realization of random media and the FD simulation procedure
are precisely described in Emoto & Sato (2018). Taking the average of intensities calculated from wave traces by using the Hilbert transform,
we have the averaged FD simulation intensity IFD at each travel distance.
Fig. 11(a) shows comparisons of time traces I (blue dot) and IwL (black solid) for ζ satisfying ε2Sa
2
Sk
2
c=0.1 with IFD (red dots). Using a
trial-and-error method and consulting the grid search as shown in Figs 6 and 9 of Paper II, we find that parameter ζ for ε2Sa
2
Sk
2
c=0.1 gives the
best fit for each κ (see Table 1). For κ = 0.1 and 0.5, both IwL and I agree well with IFD from the onset through the peak until coda, where the
wandering factor is small in those cases. For κ = 1.0, broadened time trace IwL shows better fit to IFD compared with I especially at the rising
part. The total number of shots N = 107 is large enough to produce a smooth curve around the peak, but the produced curve is jagged at the
coda part especially for κ = 1.0. The degree of coincidence shown in Fig. 11(a) is nearly the same level as that of Fig. 9 in Paper II. We also
show space distributions of I and IwL in Fig. 11(b). The excitation of coda intensity is strong and uniform in the vicinity of the source for κ =
0.1 and 0.5, but it is weak for κ = 1.0. The observed space distribution of coda intensity is uniform near the source region as shown in Fig. 1
of Emoto & Sato (2018) and Asano & Saito (2011), which means that the parameter range 0 ≤ κ ≤ 0.5 looks reasonable for the real earth
medium heterogeneity.
Fig. 12 shows intensity time traces of ζ=1.0 (a−1S = kc) as an extreme case. If we focus on the time trace around the peak, traces I, IwL
and IFD fit well each other for κ = 0.5 and 1.0, but some difference at large distances for κ = 0.1. For the coda part, I and IwL are always
smaller than IFD, which means that the wide angle scattering due to PS is too small to explain IFD.
Fig. 13 shows intensity time traces in log–log plot for ζ satisfying ε2Sa
2
Sk
2
c = 0.1. These plots show that the peak intensity decreases
according to or a little steeper than t−2 at small distances, but it more rapidly decreases approaching to t−4 as distance increases. The former
reflects the geometrical spreading and the small scattering loss, and the latter is caused by the geometrical spreading and the additional
envelope broadening factor which increases according to r2 as predicted from (31b). The derived power-law decay with distance can be a
theoretical basis for the conventional power-law formula for the determination of earthquake magnitude (e.g. Tsuboi 1954).
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6 D ISCUSS ION
In Paper I, we introduced the spectrum division method, where the contribution of the short-scale component is limited to work as a scattering
loss factor only. In Paper II, based on the phenomenological correspondence rule, we proposed to convolve the intensity time trace calculated
from the RTE with the Born approximation for the short-scale component and the broadening factor obtained as the integrated solution of
the Markov approximation in the time domain. In this paper, we have newly proposed to introduce simultaneously the wide-angle scattering
coefficient due to the short-scale component and the narrow-angle ray bending due to the long-scale component into the MC simulation code.
If the power spectrum is properly divided, synthesized intensity time traces well fit to averaged FD simulation intensity time traces. The new
method and the method proposed in Paper II show nearly the same degree of coincidence. However, the new method has an advantage that
it has a potential to adopt easily the spatial variation of randomness and intrinsic absorption because the new method satisfies the energy
conservation. The present MC simulation code can be easily extended for the elastic vector wave scattering using Stokes parameters.
We have used ζ satisfying ε2Sa
2
Sk
2
c = 0.1 as the best from comparisons with averaged FD simulation intensity traces at 3 Hz. This choice
is to assign a ζ value as small as possible within the applicable condition of the Born approximation for the short-scale component. However,
we will have to study more about the proper choice of parameter ζ at larger kc for various sets of  and a values. Also it is necessary to
compare with a large number of FD simulations at higher frequencies, which needs more CPU power.
For comparison of MC simulation intensity time traces with averaged FD simulation intensity time traces, we have convolved the
wandering effect since the MC code deals with scattering processes only, where the propagation velocity is fixed to a constant value. We
have used the characteristic time of the wandering effect (32b) calculated from the long-scale component. We remember that V (x) physically
means the wave propagation velocity for the spectrum lower than the centre wavenumber; therefore, we will have to examine more precisely
the choice of the spectrum range for the calculation of the wandering effect.
7 SUMMARY
We have studied the propagation of a scalar wavelet through von Ka´rma´n type random media especially when the centre wavenumber of
the wavelet is in the power-law spectral range. Our objective is to propose a stochastic method to synthesize directly the wavelet intensity
time traces by using a few number of parameters statistical characterizing the power spectrum of random media. The most conventional
method has been known to use the Born approximation in the radiative transfer equation; however, this method becomes inappropriate as the
centre wavenumber increases because of a large phase shift. Here we have proposed a new method to avoid the difficulty. Taking the centre
wavenumber as a reference, we divide the random medium spectrum into two components, where the short-scale component is chosen to
satisfy the applicable condition of the Born approximation, which leads to wide-angle scattering per volume. The phase screen approximation
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to the long-scale component leads to narrow-angle ray bending per length. We introduce simultaneously both the scattering processes into the
MC simulation code in the framework of the radiative transfer theory. Synthesized intensity time traces show envelope broadening, peak delay
and coda excitation. If the power spectrum is properly divided, newly synthesized intensity time traces well explain averaged FD simulation
intensity time traces from the onset through the peak to coda for a wide dynamic range. The proposed method has a potential to adopt easily
the spatial variation of randomness and intrinsic absorption.
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